This paper discusses the global exponential stability of a class of difference equations. Sufficient and necessary conditions for the global exponential stability are derived. Particularly, the equivalent relationship between the global exponential stability of difference equations and the contractive property of the nonlinear operator of the systems is shown.
Introduction
In mathematics and automatic control, an equation system is discussed as discrete or continuous one with the type of input variables and linear or nonlinear one according to the relationship between the input and output. The stability of the equation systems always catches researchers' eyes. The Lyapunov function is important for stability theory and control theory, and its existence is a necessary and sufficient condition of stability for many differential equation systems. Linear systems received more attention than nonlinear systems because of simplicity and controllability, and many good results are shown in the textbooks and literature. Bastinec [] gives the sufficient condition for exponential stability and estimation of solutions of linear differential systems with delay-dependence. Nonlinear systems are of interest to researchers and engineers because most physical systems are inherently nonlinear in nature and difficult to solve. The converse Lyapunov problem on the stability of nonlinear discrete dynamical systems is developed and studied by many researchers (Gordon Diblik [] considers a particular critical case and gives conditions for the stability of a zero solution of difference systems with quadratic nonlinearities using the method of Lyapunov functions and derives classes of stable systems. Furthermore, the author estimates the stability domains as well. Berezansky [] considers the asymptotic convergence of solutions in discrete and difference equations with delay and gives strong sufficient conditions of the asymptotic convergence of all solutions without computing the limits of the solutions as n → ∞. 
where x * ∈ R n is the unique equilibrium point and T : R n → R n is a continuous differentiable nonlinear operator in R n , and lim x →∞ sup T (x) = λ <  holds for a positive constant λ (e.g.,  < λ <  The results in this paper are helpful to discover some properties of the global exponential stability of system ().
Definition and main results
A nonlinear operator T is Lipschitz continuous if Tx -Ty ≤ M · x -y is satisfied for any x, y ∈ D and the given constant M (M > ), and contractive in E ⊂ R n with a strongly 
The equilibrium point of some operator (for example, () or ()) is globally asymptotically stable in R n if it is stable in the sense of Lyapunov and lim k→∞ x k = x * holds for any x  ∈ R n . http://www.advancesindifferenceequations.com/content/2013/1/9
And it is exponentially stable in the set E ⊂ R n if there are constants M >  and  < α <  such that for any initial point x  in E and the positive integer k,
Let be the set of all equivalent norms of · , be the set of all strongly equivalent metrics of · in E ⊂ R n and be the set of all topologically equivalent metrics of · in E. Then the inclusion relationship ⊂ ⊂ is satisfied. In other words, each equivalent norm of · is also a strongly equivalent metric, and each strongly equivalent metric is a topologically equivalent metric. Generally, T maybe is not contractive in R n with any equivalent norm even if system () is of exponential stability. Besides, system () is possibly not of exponential stability in R n even if T is contractive with certain topologically equivalent metric (Wang and Xu [] ). In this paper, we show that strongly equivalent metrics are a class of appropriate equivalent metric functions describing the exponential stability of system (). 
where L (F, E) and L d (F, E) are two functions determined by F, E and · or d(·, ·). Hence, for any x, y ∈ E, one obtains
Wang and Xu [] give the result that lim
and the following formulas hold:
is a constant independent of different equivalent norms or strongly equivalent metrics. L (F, E) and Lip(T, E) can be regarded as nonlinear generalizations of the matrix norm and matrix spectral radius. By Wang and Xu [], one can have
Namely, Lip(T, E) is a minimum Lipschitz constant. Furthermore, F is contractive in E with respect to a certain strongly equivalent metric in if and only if Lip(F, E) <  or L (T m , E) <  holds for a positive integer m.
And for any x ∈ R n and a positive integer j,
Hence, the nonlinear operator T in system () is Lipschitz continuous in R n . The main results of this paper are presented below.
Theorem  In system (), the following five conditions are equivalent:
(A) x * is globally exponentially stable in R n .
(B) x * is globally asymptotically stable in R n and ρ(T (x * )) < . As long as system () is of global exponential stability, we have Lip(T, R n ) < α, and for any sufficiently small ε ∈ (,  -Lip(T, R n )), Lip(T, R n ) + ε is an exponential bound. Here,
) is the spectral radius of the Jacobian matrix T (x * ).
Theorem  shows that we can distinguish global exponential stability from global asymptotic one for system () by calculating the spectral radius of the Jacobian matrix at the equilibrium point x * , namely, ρ(T (x * )). It tells us that the global exponential stability of system () is equivalent to the contractive property of the nonlinear operator T with certain strongly equivalent metrics of the norm · . It actually describes a new converse to the Banach contraction theorem differing from the ones in
is the infimum of all exponential bounds of convergent trajectories. Particularly,
holds for any ε >  and x  ∈ R n , where C(ε)  > C(ε)  >  are the same constants as in Theorem .
Theorem  shows that exponential bounds of convergent trajectories describing the global property of trajectory motion in the whole space actually can be determined by the local information at the equilibrium point, namely ρ(T (x * )).
Proofs
In this section, the proofs of results and theorems will be given.
Proof of Lemma
 Since lim x →∞ sup T (x) = λ, for any ε > , there is b >  such that T (x) ≤ λ + ε as x -x * ≥ b. Let F(b) = {x ∈ R n : x -x * ≤ b}. Since T is continuously differentiable in R n , T (x)
is a continuous function in the compact set F(b). Thus, we
have sup z∈F(b) T (z) < ∞. This implies that M = sup z∈R n T (z) < ∞ holds. From the mid-value theorem, for any x, y ∈ R n , one obtains
This implies that L (T, R n ) ≤ M < ∞ holds. Since T j is continuously differentiable, with the definition of the Gateaux differential, for any x ∈ R n and any h ∈ R n with h = ,
This implies that
The proof is done.
Proof of Theorem  The equivalent relationships between (C), (D) and (E) can be easily gotten from Wang and Xu []. And it is also easy to deduce (B) from (A). Next, we mainly prove (C) ⇒ (A) and (B) ⇒ (C). Firstly, prove (C) ⇒ (A).
If Lip(T, R n ) < , then system () is of global exponential stability in R n . With equation (), for any sufficiently small ε ∈ (,  -Lip(T, R n )), there is a strongly equivalent metric
and · have the following strongly equivalent relationships:
where C(ε)  > C(ε)  >  are two constants. For any positive integer k and any x ∈ R n , we have
Thus, system () is of global exponential stability in R n with the exponential bound
Secondly, prove (B) ⇒ (C); namely, if system () is of global exponential stability in R n and ρ(T (x * )) < , then Lip(T, R n ) < .
Since 
For the fixed ε ∈ (,  -α), there exists an equivalent norm · ε such that the subordinated matrix norm
is a continuous function of x ∈ R n . It implies that there exists a spherical neighborhood
By the mid-value theorem, for any x, y ∈ U(r), we have
If system () is of global exponential stability in R n , it is globally uniformly asymptotically stable in R n as well (Elaydi [] ). Therefore, there exists a positive integer N such that for any positive integer k ≥ N and any x ∈ B(b), T k x ∈ U(r) holds. With equation (), for any
It implies that for any positive integer k > N , one obtains
) holds for ε is an arbitrary positive number. Thus, there exists a 
It implies that for any x ∈ F(b) and k ≥ N  , and (), we have
If k -j < N  , then from equation () and Lemma , one gets
Since ε >  is an arbitrary positive number, with equation (), we have (
From the above two cases, for any k ≥ N  and z ∈ E(b),
By combining equations () and (), one can conclude that for any positive integer k ≥ N  and any z ∈ R n ,
It implies that
Since ε is an arbitrary positive number, Lip(T, R n ) ≤ α holds. http://www.advancesindifferenceequations.com/content/2013/1/9
Proof of Theorem  Since system () is of global exponential stability in R n , there are constants M >  and  < α <  such that for any x  ∈ R n and any positive integer k, we have
With Lemma , for any positive integer k and x ∈ R n , then
. By the chain-rule of derivative, for any given positive integer k,
is globally exponentially stable in R n . And from equation (), for any ε >  and k, we have
where 
Examples
In this section, we present two examples to clarify the concepts introduced in this paper and apply the obtained results to several concrete nonlinear discrete systems. T is the activation mapping that is diagonally nonlinear, continuously differentiable in R n , and each f i satisfies  < f i (x i ) <  for any x i ∈ R  .
In Jin et al. [] , it has been shown that () will be of global asymptotical stability in R n if |a ii | + |w ii |b ii <  for any  ≤ i ≤ n. In Wang and Xu [], () is proven to be of the global exponential stability of x * in a bounded convergence region. Since the global exponential
